Generalizations of normal ordering and applications to quantization in
  classical backgrounds by Nikolic, H.
ar
X
iv
:h
ep
-th
/0
20
50
22
v2
  1
 S
ep
 2
00
4
Generalizations of normal ordering and
applications to quantization in classical
backgrounds
Hrvoje Nikolic´
Theoretical Physics Division, Rudjer Bosˇkovic´ Institute,
P.O.B. 180, HR-10002 Zagreb, Croatia
e-mail: hrvoje@thphys.irb.hr
November 3, 2018
Abstract
A nonlocal method of extracting the positive (or the negative)
frequency part of a field, based on knowledge of a 2-point function,
leads to certain natural generalizations of the normal ordering of
quantum fields in classical gravitational and electromagnetic back-
grounds and illuminates the origin of the recently discovered nonlo-
calities related to a local description of particles. A local description
of particle creation by gravitational backgrounds is given, with em-
phasis on the case of black-hole evaporation. The formalism reveals a
previously hidden relation between various definitions of the particle
current and those of the energy-momentum tensor. The implications
to particle creation by classical backgrounds, as well as to the relation
between vacuum energy, dark matter, and cosmological constant, are
discussed.
KEY WORDS: Current of particle density ; classical background ; particle
creation
1 Introduction
The distinction between the positive frequency solutions and the negative
frequency solutions of field equations plays a fundamental role in quantum
field theory. In particular, their distinction is closely related to the dis-
tinction between annihilation and creation operators, which determine the
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representation of the field algebra, the particle content related to quantum
fields, and the normal ordering related to the renormalization of various op-
erators bilinear in fundamental fields. However, the distinction between the
positive and the negative frequencies has no invariant meaning in general
relativity. In gauge theories, like electrodynamics, it also depends on the
choice of gauge. This is closely related to the particle creation theoretically
predicted to occur in classical gravitational [1, 2, 3] and electromagnetic
[4, 5] backgrounds. This is also closely related to the noncovariance (with
respect to general coordinate transformations) of the concept of particles
[1, 6, 7]. The noncovariance is closely related to the fact that annihilation
and creation operators are not local objects. In particular, the horizon
plays a fundamental role in the black-hole evaporation [3] and the Unruh
effect [7], which raised serious doubts on the correctness of the formalism
that describes these effects [8, 9, 10, 11].
Recently, progress in establishing the covariance of the concept of par-
ticles has been achieved by constructing an operator that represents the
local current of particle density [12, 13]. This local current is covariant
with respect to general coordinate transformations and invariant with re-
spect to gauge transformations. Nevertheless, this local current possesses a
nonlocal property related to the fact that the determination of the current
at a point x requires knowledge of the field on a whole Cauchy surface at
which x lies. Besides, this current depends on the choice of a 2-point func-
tion. As shown in [12, 13], there exist a choice that is consistent with the
usual results of particle creation described by a Bogoliubov transformation
[1, 2, 3, 4, 5].
In this paper we show that the nonlocality appearing in the calculation
of the particle current is related to a nonlocal procedure of extracting the
positive frequency part φ+(x) and the negative frequency part φ−(x) from
the field φ(x). It appears that the particle current can be written in a
completely local form as an operator bilinear in the fields φ+(x) and φ−(x).
By introducing certain generalizations of normal ordering, the current can
be written even as an (suitably ordered) operator bilinear in the field φ(x).
Different orderings of the particle current correspond to different orderings
of other well-known local quantities, such as the energy-momentum tensor
Tµν(x). In particular, an ordering that retains the infinite vacuum energy
leads also to an infinite number of particles in the vacuum. This suggests
that it might not be meaningless to talk about the system in which the
vacuum is at rest and, consequently, that this vacuum energy might not
contribute to the cosmological constant.
It also appears that the definitions of φ+ and φ− depend on the choice of
the 2-point function. Therefore, the normal ordering of Tµν also depends on
this choice. If the 2-point function is chosen such that the particle creation
occurs, then Tµν is not conserved. This suggests that one should choose
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the 2-point function such that the particle creation does not occur.
In Sec. 2, a method of extracting φ+ and φ− from a hermitian field φ is
presented and used to define the normal ordering and some generalizations
of it. The method is based on a particular choice of 2-point functions W+
and W−. This is applied in Sec. 3 to write the particle current in a very
elegant and purely local form. A generalization to other choices of W± is
studied in Sec. 4, where the particle creation by a gravitational background
is described in a local way, with emphasis on the description of particle cre-
ation by black holes. The formalism is generalized to complex scalar and
spinor fields (interacting with a classical gravitational or electromagnetic
background) in Sec. 5. The relation between the particle current and the
corresponding energy-momentum tensor is discussed in Sec. 6, where the
implications to the particle creation and to the relation between vacuum
energy, dark matter, and cosmological constant, are discussed. The con-
clusions are drawn in Sec. 7.
2 Extraction of φ± from φ and generalizations
of normal ordering
A scalar hermitian field φ(x) in a curved background satisfies the equation
of motion
(∇µ∂µ +m2 + ξR)φ = 0. (1)
We choose a particular complete orthonormal set of solutions {fk(x)} of
(1) obeying the relations
(fk, fk′) = −(f∗k , f∗k′) = δkk′ ,
(f∗k , fk′) = (fk, f
∗
k′) = 0, (2)
where the scalar product is defined as
(φ1, φ2) = i
∫
Σ
dΣµφ∗1
↔
∂µφ2. (3)
The field φ can be expanded as
φ(x) = φ+(x) + φ−(x), (4)
where
φ+(x) =
∑
k
akfk(x),
φ−(x) =
∑
k
a†kf
∗
k (x). (5)
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Introducing the 2-point functions
W+(x, x′) =
∑
k
fk(x)f
∗
k (x
′),
W−(x, x′) =
∑
k
f∗k (x)fk(x
′), (6)
we find
φ+(x) = i
∫
Σ
dΣ′νW+(x, x′)
↔
∂′ν φ(x
′),
φ−(x) = −i
∫
Σ
dΣ′νW−(x, x′)
↔
∂′ν φ(x
′), (7)
which is the curved-spacetime generalization of the standard result for flat
spacetime [14]. We see that the extraction of φ+(x) and φ−(x) from φ(x)
is a nonlocal procedure. Note that the integrals in (7) do not depend on
the choice of the timelike Cauchy hypersurface Σ becauseW±(x, x′) satisfy
the equation of motion (1) with respect to x′, just as φ(x′) does. However,
these integrals depend on the choice of W±(x, x′), i.e., on the choice of the
set {fk(x)}.
Having defined φ+ and φ−, one can define the normal ordering in the
usual way as the ordering that puts φ− on the left and φ+ on the right.
Explicitly,
:φ+φ− : = φ−φ+, (8)
while the normal ordering of the combinations φ−φ+, φ+φ+, and φ−φ−
leaves these combinations unchanged. We generalize (8) by introducing 4
different orderings N(±) and A(±) defined by the relations analogous to (8):
N(+)φ
+φ− = φ−φ+, N(−)φ
+φ− = −φ−φ+,
A(+)φ
−φ+ = φ+φ−, A(−)φ
−φ+ = −φ+φ−. (9)
The normal ordering N(+) is identical to the normal ordering in (8). The
normal ordering N(−) appears naturally in quantum field theory of fermion
fields, but, as we shall see, it is also useful for boson fields. The antinor-
mal orderings A(±) are useful because one can introduce the symmetric
orderings S(±) defined by
S(+) =
1
2
[N(+) + A(+)],
S(−) =
1
2
[N(−) +A(−)]. (10)
When S(+) acts on a bilinear combination of fields, then it acts as the
“default” ordering, i.e., S(+)φφ = φφ. The usefulness of the S(−) ordering
will become clear later.
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3 Particle current
The particle current for scalar hermitian fields can be written as [12, 13]
jµ(x) =
∫
Σ
dΣ′ν
1
2
{W+(x, x′)
↔
∂µ
↔
∂′ν φ(x)φ(x
′)
+W−(x, x′)
↔
∂µ
↔
∂′ν φ(x
′)φ(x)}. (11)
Using (7), we see that it can be written in a purely local form as
jµ(x) =
i
2
[φ(x)
↔
∂µ φ
+(x) + φ−(x)
↔
∂µφ(x)]. (12)
Using (4) and the identities φ+
↔
∂µφ
+ = φ−
↔
∂µφ
− = 0, this can be written
in a very elegant form as
jµ = iφ
−
↔
∂µφ
+. (13)
Similarly, using (9), this can be written in another elegant form without
an explicit use of φ+ and φ−, as
jµ = N(−)
i
2
φ
↔
∂µφ. (14)
Note that the expression on the right-hand side of (14) without the order-
ing N(−) vanishes identically. Nevertheless, the ordering N(−) makes this
expression nonvanishing. This peculiar feature is probably the reason that
the particle current has not been discovered earlier.
The normal ordering N(−) provides that jµ|0〉 = 0. This is related to
the fact that the total number of particles is
N =
∫
Σ
dΣµjµ =
∑
k
a†kak. (15)
Alternatively, one can choose the symmetric ordering S(−) defined in (10),
i.e., one can define the particle current as
jµ = S(−)
i
2
φ
↔
∂µφ. (16)
This leads to the total number of particles
N =
∑
k
1
2
(a†kak + aka
†
k) =
∑
k
(
a†kak +
1
2
)
. (17)
We see that this ordering generates the vacuum particle number equal to∑
k 1/2, in complete analogy with the vacuum energy which, in Minkowski
spacetime, can be written as
∑
k ωk/2. We discuss the physical implications
of this in Sec. 6.
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4 Other choices of W± and particle creation
When the gravitational background is time dependent, one can introduce
a new set of solutions ul(x) for each time t, such that ul(x) are positive-
frequency modes at that time. This leads to functions with an extra time
dependence ul(x; t) that do not satisfy (1) [12, 13]. Here t is the time
coordinate of the spacetime point x = (t,x). We define φ+ and φ− as in
(7), but with the 2-point functions
W+(x, x′) =
∑
l
ul(x; t)u
∗
l (x
′; t′),
W−(x, x′) =
∑
l
u∗l (x; t)ul(x
′; t′), (18)
used instead of (6). As shown in [12, 13], such a choice of the 2-point
functions leads to a local description of particle creation consistent with the
conventional global description based on the Bogoliubov transformation.
Putting
φ(x) =
∑
k
akfk(x) + a
†
kf
∗
k (x) (19)
in (7) with (18), we find
φ+(x) =
∑
l
Al(t)ul(x; t), φ
−(x) =
∑
l
A†l (t)u
∗
l (x; t), (20)
where
Al(t) =
∑
k
α∗lk(t)ak − β∗lk(t)a†k, (21)
αlk(t) = (fk, ul), βlk(t) = −(f∗k , ul). (22)
By putting (20) in (13), we find
jµ(x) = i
∑
l,l′
A†l (t)u
∗
l (x; t)
↔
∂µAl′(t)ul′(x; t). (23)
Note that, owing to the extra time dependence, the fields φ+ and φ− in
(20) do not satisfy the equation of motion (1). Consequently, the current
(23) is not conserved, i.e., the quantity ∇µjµ is a nonvanishing local scalar
function describing the creation of particles in a local and invariant way,
similarly as in [12, 13].
Let us now consider the questions where and when the particles are
created. (Note that the space localization of the particle creation process
cannot be directly considered in the conventional global approach based
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on the Bogoliubov transformation, simply because the local density of par-
ticles is not defined in this approach.) It is clear that ∇µjµ(x) = 0 at
the spacetime points x at which the modes ul do not have the extra time
dependence. Therefore, in general, the particles are created at the points
at which the modes ul have this extra time dependence. One could choose
the modes ul as highly nonlocal modes, such as the plane wave modes in
Minkowski spacetime are. However, a question such as “Where a parti-
cle with a definite momentum and a completely undetermined position is
created?” does not make sense. Therefore, we assume that ul are some
localized wave packets that, at a given instant of time, are negligible every-
where except in a small space volume [15]. Assume that ul(x) is a linear
combination of modes that are all positive frequency modes at some in-
stant of time. If the metric does not depend on time, then, during the time
evolution, these modes remain positive frequency modes. If the metric de-
pends on time, then, during the time evolution, ul(x) ceases to be a linear
combination of positive frequency modes. During an infinitesimal change
of time, the modes ul(x) suffer an extra infinitesimal change related to the
choice of new modes that are positive frequency modes at the new time.
These infinitesimally modified new modes are also negligible everywhere
except in the small (infinitesimally translated due to a finite group velocity
of the packet) space volume. Therefore, the modes ul(x; t) have a nonneg-
ligible extra time dependence only inside this small volume and only when
the metric is time dependent. This implies that, in general, the particles
are created at the spacetime points at which the metric is time dependent.
As a particular example, let us discuss the particle creation caused by
a spherically symmetric gravitational collapse. Assume that all collapsing
matter is contained in a ball with a radius R(t). From the Birkhoff theorem
it follows that the metric is time independent outside the ball, so all par-
ticles are created inside the ball. A certain amount of particles is created
before the matter approaches a state in which all matter is trapped by an
apparent horizon. These particles have not a thermal distribution. For
the distribution to be approximately thermal, it is essential that the waves
suffer an approximately exponential red shift, which occurs when the waves
propagate close to the horizon. Therefore, since the particle production is
a local process, the Hawking thermal radiation results from particles that
are created near the horizon.
The space components of the particle current jµ determine the direc-
tion of the particle motion. Let us use them to confirm that the Hawking
radiation is outgoing, as is usually argued by less direct arguments. Asymp-
totically, i.e., at late times and large distances from the horizon, we can
approximate the modes ul with the usual plane wave modes. Therefore, in
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the asymptotic region we can make the replacement
ul(x; t)→ uq(x) = e
−iqx√
V 2ωq
, (24)
where ωq = (m
2 + q2)1/2. For convenience, uq(x) are normalized in a
finite volume V . We integrate the current over the whole space. Since the
integral is dominated by the contributions from the large distances, we use
(23) and (24) to obtain
Jµ ≡
∫
d3x jµ ≃
∑
q
qµ
ωq
A†
q
Aq. (25)
In particular, in the vacuum |0〉 defined by ak|0〉 = 0, (25) and (21) give
〈0|Jµ|0〉 =
∑
q
qµ
ωq
nq, (26)
where
nq =
∑
k
|βqk|2. (27)
The β-coefficients in (21) vanish for asymptotically ingoing modes because
such modes have not experienced the black-hole gravitational field. There-
fore, (27) has a form
nq = θ(q
r)n(qr), (28)
where qr is the radial component of the 3-momentum q and θ is the step
function. For massless fields, n(qr) is the thermal distribution equal to
[exp(8piMqr) − 1]−1, where M is the mass of the black hole. We see that
〈0|J0|0〉 =
∑
q
nq represents the total number of produced particles. On
the other hand, the Cartesian components 〈0|Ji|0〉 vanish due to the can-
cellation of contributions from the opposite qi’s. However, from (28) we
see that the radial component
〈0|Jr|0〉 =
∑
q
qr
ωq
nq (29)
is positive, which confirms that the flux of created particles is outgoing.
5 Generalization to complex fields
A complex scalar field φ(x) and its hermitian conjugate field φ†(x) in an
arbitrary gravitational background can be expanded as
φ = φ(P )+ + φ(A)−, φ† = φ(P )− + φ(A)+, (30)
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where
φ(P )+(x) =
∑
k
akfk(x), φ
(P )−(x) =
∑
k
a†kf
∗
k (x),
φ(A)+(x) =
∑
k
bkfk(x), φ
(A)−(x) =
∑
k
b†kf
∗
k (x). (31)
In a similar way as in Sec. 3, we find
φ(P )+(x) = i
∫
Σ
dΣ′νW+(x, x′)
↔
∂′ν φ(x
′),
φ(A)+(x) = i
∫
Σ
dΣ′νW+(x, x′)
↔
∂′ν φ
†(x′),
φ(P )−(x) = −i
∫
Σ
dΣ′νW−(x, x′)
↔
∂′ν φ
†(x′),
φ(A)−(x) = −i
∫
Σ
dΣ′νW−(x, x′)
↔
∂′ν φ(x
′). (32)
The particle current j
(P )
µ and the antiparticle current j
(A)
µ are [12, 13]
j(P )µ (x) =
∫
Σ
dΣ′ν
1
2
{W+(x, x′)
↔
∂µ
↔
∂′ν φ
†(x)φ(x′)
+W−(x, x′)
↔
∂µ
↔
∂′ν φ
†(x′)φ(x)},
j(A)µ (x) =
∫
Σ
dΣ′ν
1
2
{W+(x, x′)
↔
∂µ
↔
∂′ν φ(x)φ
†(x′)
+W−(x, x′)
↔
∂µ
↔
∂′ν φ(x
′)φ†(x)}. (33)
Therefore, they can be written in a purely local form similar to (13) as
j(P )µ = iφ
(P )−
↔
∂µφ
(P )+ + jmixµ ,
j(A)µ = iφ
(A)−
↔
∂µφ
(A)+ − jmixµ , (34)
where
jmixµ =
i
2
[φ(P )−
↔
∂µφ
(A)− − φ(P )+
↔
∂µφ
(A)+]. (35)
The current of charge j
(−)
µ , defined as
j(−)µ = j
(P )
µ − j(A)µ , (36)
can be written in more familiar forms as [12, 13]
j(−)µ = : iφ
†
↔
∂µφ :
=
i
2
[φ†
↔
∂µφ− φ
↔
∂µφ
†]. (37)
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Using (9), we see that this can also be written as
j(−)µ = N(+)iφ
†
↔
∂µφ
= N(+)
i
2
[φ†
↔
∂µφ− φ
↔
∂µφ
†]. (38)
The current of total number of particles j
(+)
µ is defined as
j(+)µ = j
(P )
µ + j
(A)
µ . (39)
It is shown in [13] that j
(+)
µ can be written as a sum of two particle currents
attributed to the hermitian fields φ1 and φ2 defined by
φ =
φ1 + iφ2√
2
, (40)
as
j(+)µ = j
(1)
µ + j
(2)
µ , (41)
where j
(1)
µ and j
(2)
µ are two currents of the form (11). Therefore, using (14),
we can write (41) as
j(+)µ = N(−)
i
2
[φ1
↔
∂µφ1 + φ2
↔
∂µφ2]. (42)
Using (40), it is straightforward to show that (42) can be written in a form
analogous to (38) as
j(+)µ = N(−)
i
2
[φ†
↔
∂µφ+ φ
↔
∂µφ
†]. (43)
The results above can be summarized by defining the currents
q(±)µ =
i
2
[φ†
↔
∂µφ± φ
↔
∂µφ
†], (44)
which leads to
j(±)µ = N(∓)q
(±)
µ . (45)
The current q
(+)
µ vanishes, but the current N(−)q
(+)
µ does not vanish.
The results above can be easily generalized to the case in which the
field interacts with a background electromagnetic field, in a way similar to
that in [13]. The equations are essentially the same, but the derivatives
∂µ are replaced by the corresponding gauge-covariant derivatives and the
particle 2-point functions W (P )± are not equal to the antiparticle 2-point
functions W (A)±.
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Similarly to the gravitational case, in the case of interaction with an
electromagnetic background, different choices for the 2-point functions ex-
ist [13]. One is a generalization of (6) based on a particular choice of a
complete orthonormal set of solutions to the equations of motion. The
other is a generalization of (18) and leads to a local description of the
particle-antiparticle pair creation consistent with the conventional global
description based on the Bogoliubov transformation. The third choice is
based on the Schwinger-DeWitt Green function and leads to the conserva-
tion of the particle currents in classical electromagnetic backgrounds.
The results of this section can also be generalized to anticommuting
fermion fields (see also [16]). As the analysis is very similar to the case
of complex scalar fields, we simply note the final results. The particle
and antiparticle currents can be written in a form similar to (33) [13].
In particular, a similar integration over x′ occurs, which is related to the
extraction of ψ(P )+, ψ(P )−, ψ(A)+, and ψ(A)− from the fermion fields ψ
and ψ¯. Introducing the currents
q(±)µ =
1
2
[ψ¯γµψ ± ψTγTµ ψ¯T ], (46)
the currents
j(±)µ = j
(P )
µ ± j(A)µ (47)
can be written as
j(±)µ = N(±)q
(±)
µ . (48)
The current q
(+)
µ vanishes (due to the anticommutation relations among
the fermion fields), but the current N(+)q
(+)
µ does not vanish. The current
j
(−)
µ can also be written in more familiar forms as
j(−)µ = : ψ¯γµψ :
=
1
2
[ψ¯γµψ − ψTγTµ ψ¯T ]. (49)
6 Relation between the particle current and
the energy-momentum tensor
In classical field theory, the energy-momentum tensor of a real scalar field
is
Tµν = (∂µφ)(∂νφ)− gµν 1
2
[gαβ(∂αφ)(∂βφ)−m2φ2]. (50)
Contrary to the conventional concept of particles in quantum field theory,
the energy-momentum is a local quantity. Therefore, the relation between
the definition of particles and that of the energy-momentum is not clear in
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the conventional approach to quantum field theory in curved spacetime [1].
In this section, we exploit our local and covariant description of particles
to find a clearer relation between particles and their energy-momentum.
In quantum field theory, one has to choose some ordering of the oper-
ators in (50), just as a choice of ordering is needed in order to define the
particle current. Although it is not obvious how to choose these orderings,
it seems natural that the choice of ordering for one quantity determines the
ordering of the other one. For example, if the quantum energy-momentum
tensor is defined as :Tµν : = N(+)Tµν , then the particle current should be
defined as N(−)iφ
↔
∂µ φ. The nonlocalities related to the extraction of φ
+
and φ− from φ, needed for the definition of the normal orderings N(+) and
N(−), appear both in the energy-momentum and in the particle current.
Similarly, if W± is chosen as in (6) for one quantity, then it should be
chosen in the same way for the other one. The choices as above lead to
a consistent picture in which both the energy and the number of particles
vanish in the vacuum |0〉 defined by ak|0〉 = 0.
Alternatively, if W± is chosen as in (18) for the definition of particles,
then it should be chosen in the same way for the definition of the energy-
momentum. Owing to the extra time dependence, it is clear that both
the particle current and the energy-momentum tensor are not covariantly
conserved in this case:
∇µjµ 6= 0, ∇µTµν 6= 0. (51)
While the first equation in (51) is exactly what one might want to obtain,
the second one represents a problem. To be more specific, assume, for
simplicity, that spacetime is flat at some late time t. In this case, the
normally ordered operator of the total number of particles at t is
N(t) =
∑
q
A†
q
(t)Aq(t), (52)
(see (21)), while the normally ordered operator of energy is
H(t) =
∑
q
ωqA
†
q
(t)Aq(t). (53)
From (52) and (53) it is clear that the produced energy exactly corresponds
to the produced particles. A similar analysis can be done for the particle-
antiparticle pair creation caused by a classical electromagnetic background.
Since the energy should be conserved, this suggests that W± should not
be chosen as in (18), i.e., that classical backgrounds do not cause particle
creation. Of course, in a time dependent gravitational field, the energy
of matter does not need to be conserved in the ordinary, noncovariant
12
sense; only the sum of matter and gravitational energy should be conserved.
However, in the specific case above, the spacetime is flat at the late time t,
so the gravitational energy is zero. We can choose that the metric at this
late time is equal to the metric at the initial time (at which the number
of particles iz zero), such that the time dependence of the metric at the
intermediate times is nontrivial. In such a case the contradiction between
particle creation and energy conservation is obvious.
Of course, it is possible that the total energy-momentum is conserved
owing to some mechanism of the back reaction that is not included in our
calculation. However, just as the back reaction may prevent the creation
of energy, it might also prevent the creation of particles. To support this
idea, let us discuss a particular example. Consider a static electric field,
the source of which is a stable charged particle. Various semiclassical cal-
culations, based on the approximation that the electric field is static and
classical, lead to pair creation. However, it is clear that pair creation is
inconsistent with energy conservation. If a pair is really created, a back-
reaction mechanism should provide the conservation of energy. One pos-
sibility is that the effect of the back reaction reduces to a modification of
the electric field. However, the new electric field should be consistent with
the Maxwell equations, so it is easy to see that it is impossible that the
electric field is modified in a way consistent with energy conservation if the
source of the field is not modified. On the other hand, the source cannot be
modified as it is, by assumption, a stable particle. (The particle stability is
a quantum property, so one cannot study it using semiclassical methods.)
Therefore, we must conclude that, in this particular example, the back
reaction completely prevents the pair creation. This demonstrates that a
semiclassical treatment of the particle creation may lead to a completely
wrong result. The formal results obtained in [12, 13] and this paper suggest
a different semiclassical approximation according to which quantum parti-
cles are never created by classical backgrounds. In this approximation, the
particles are defined by using a modified Schwinger-DeWitt Green function
[13] to choose the 2-point functions W±. Contrary to other semiclassical
approximations, such a semiclassical approximation is self-consistent in the
sense that there is no particle creation that violates the energy-momentum
conservation law and particles are defined in a unique way without need to
choose a particular time-coordinate and a particular gauge.
Let us now choose the symmetric ordering and assume that spacetime
is flat. As already discussed in Sec. 3, both the vacuum energy and the
vacuum number of particles are nonvanishing in this case. Taking the
Lorentz-invariant normalization of the field in an infinite volume
φ(x) =
∫
d3k
(2pi)32ω(k)
[a(k)e−ikx + a†(k)eikx], (54)
13
it is straightforward to show that the vacuum-expected value of the energy-
momentum tensor is
〈0|S(+)Tµν |0〉 =
1
2
∫
d3k
(2pi)3
kµkν
ω(k)
. (55)
Similarly, for the particle current we find
〈0|S(−)iφ
↔
∂µφ|0〉 = 1
2
∫
d3k
(2pi)3
kµ
ω(k)
. (56)
Note that the right-hand side of (56) is not only the expected value, but
also the eigenvalue of S(−)iφ
↔
∂µ φ in the vacuum. One can also define the
energy-momentum current Tµ = n
νTµν , where n
ν is a unit timelike vector.
We work in coordinates in which nν = (1, 0, 0, 0), so in these coordinates
〈0|S(+)Tµ|0〉 =
1
2
∫
d3k
(2pi)3
kµ. (57)
It is often argued that 〈0|S(+)Tµν |0〉 contributes to the cosmological con-
stant. However, the presence of a cosmological constant is equivalent to an
energy-momentum tensor of the form
T cosmµν = λgµν . (58)
The right-hand side of (55) does not have the form (58). (For example,
T cosm00 and T
cosm
11 have the opposite sign, which is not the case for (55)).
Actually, only the first term in (50) contributes to (55), while the term
proportional to gµν does not contribute to (55). If the term m
2φ2 in (50) is
replaced with a nontrivial potential V (φ) which has a nonzero minimum at
some φ = φvac 6= 0, then the term proportional to gµν contributes to (55)
even at the classical level, which is the basic idea of quintessence models.
However, in the case we discuss φvac = 〈0|φ|0〉 = 0, so there is no term
proportional to gµν .
Of course, the right-hand sides of (55)-(57) are infinite and should be
regularized (and renormalized). However, there are many kinds of regu-
larization and different kinds of regularizations are not always physically
equivalent. One has to choose the regularization such that it preserves
some physical property of unregularized expressions. For example, the
cut-off regularization preserves the correspondence between the vacuum
energy and the vacuum number of particles, but does not preserve the
Lorentz invariance. On the other hand, the dimensional regularisation and
the zeta-function regularization preserve the Lorentz invariance, but do not
preserve the correspondence between the vacuum energy and the vacuum
number of particles. Therefore, in order to obtain regularized expressions,
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it seems necessary to abandon one of these two physical properties. The
question is: Which one?
It is widely believed that the vacuum energy-momentum should have
the form (58) because the vacuum should be relativistically invariant. The
Casimir effect [17] suggests that the vacuum energy should not be simply
removed by the normal ordering. Therefore, the infinite vacuum energy-
momentum is often renormalized such that it is required that the renormal-
ized vacuum energy-momentum should have the form (58). However, this
requirement leads to a strange and counterintuitive result that the vacuum
energy (2pi)−3
∫
d3k ω(k)/2 vanishes for massless fields and does not vanish
for massive fields [18].
The discussion above suggests another possibility worthwhile to explore:
Perhaps, the requirement that the vacuum should be a relativistically in-
variant state with an energy-momentum of the form (58) should be aban-
doned. Instead, the vacuum should be viewed in a way similar to the
original Dirac’s picture, in which the vacuum is filled not only with energy,
but also with particles that carry this energy. The relativistic noninvari-
ance of the vacuum reflects in flat spacetime as the existence of a preferred
Lorentz frame in which the average velocity of vacuum particles is zero.
Indeed, if the space components Ti of the energy-momentum vector vanish
in a particular Lorentz frame but the time component T0 does not van-
ish, then the space components Ti do not vanish in another Lorentz frame.
This is also consistent with the explicit expression for Ti in (57), because,
if the limits of integration over space components of k are symmetric in one
Lorentz frame, then they are not symmetric in another Lorentz frame, so
the contributions from the opposite ki’s cancel only in one Lorentz frame.
The same is true for the particle current (56) and for the nondiagonal
components of (55).
The interpretation above of the vacuum energy requires the existence of
a preferred frame. Although this may look strange from a theoretical point
of view, it is an observed fact that a preferred frame exists in the Universe.
This is the frame with respect to which the expanding Universe is homoge-
neous and isotropic at large space scales. According to the interpretation
above, the vacuum energy (not related to a nonvanishing φvac) behaves
as vacuum matter. However, this matter does not form structures (such
as stars or galaxies), but is homogeneously distributed in the Universe.
Such a nonclassical behavior can be understood as a consequence of the
entanglement related to a very special quantum ground state |0〉. (This is
similar to various nonclassical collective effects, such as superconductivity,
that appear in low-temperature solid-state physics.)
It is known that about 70% of all energy in the Universe does not form
structures. It is also known that the Universe expansion accelerates, which
suggests that part of the energy has the cosmological-constant form (58)
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with a negative pressure. (For a review, see, e.g., [19, 20].) Future more
precise measurements of the negative pressure that causes acceleration and
of the energy-density that does not form structures might show that not all
energy that does not form structures can be explained by a cosmological
constant, which would be an (indirect) experimental confirmation that the
picture of the vacuum proposed above is qualitatively correct. To obtain
a respectable quantitative picture, the renormalization is necessary. In
particular, the running of the vacuum energy [21, 22] might provide useful
information that can be compared with experiments.
7 Conclusion
In this paper, it is shown that the recently discovered particle currents
[12, 13] can be written in purely local forms. The nonlocalities are hidden
in the extraction of φ+ and φ− from φ. The formalism is applied to a local
description of particle creation by gravitational backgrounds, with empha-
sis on the description of particle creation by black holes. The formalism
also reveals a relation between particles and their energy-momentum, which
suggests that it might not be consistent to use semiclassical methods for a
description of particle creation. The relation between particles and their
energy-momentum also suggests that the vacuum energy might contribute
to dark matter that does not form structures, instead of contributing to
the cosmological constant.
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